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Most theoretical and simulation studies on charged particles suspensions are at infinite dilution
conditions. Hence these studies have been focused on the electrolyte structure around an isolated
central particle (or electrode), where phenomena as charge reversal, charge inversion and overcharg-
ing have been shown to be relevant. However, experimental studies at finite volume fraction exhibit
interesting phenomenology which imply very long-range correlations. In this paper we apply an
integral equation theory to a simple model for a charged macroions suspensions, at finite volume
fraction, and find two new effects of long-range overcharging and long-range charge reversal. These
new effects are different from the classical overcharging and charge reversal in that they occur at
finite macroion’s volume fraction, far away from the central macroion, are much more intense, and
increase, not decrease, as a function of the distance to the central particle, which is indicative of
correlations at large separations. We find our results to be qualitative consistent with existing
experimental results, and Monte Carlo simulations
The study of colloidal and nanoparticles interactions
and their interfacial properties is a major subject in the
fields of physics, chemistry, biology, energy and technol-
ogy [1, 2]. Studies on charged colloidal suspensions have
been made for isolated macroions or two like-charged col-
loids particles, i.e., at infinite dilution, immersed into a
model electrolyte [3–9]. In theoretical studies of size-
symmetrical electrolytes, next to a single, charged elec-
trode or macroion (infinite dilution models), oppositely
charged ions (counterions) are adsorbed to the surface.
Under certain conditions, the charge of these counterions
can overcome the surface charge. As a result, the ef-
fective electrical field produced by the electrode/colloid
plus that due to the counterions reverses its direction
with respect to the unscreened electrode electrical field.
This phenomenon is known as charge reversal (CR), and
has proved to be of impact for electrophoresis experi-
ments [10–13] and interfacial phenomena [14]. This ef-
fective, reversed electrical field, in turn, produces a layer
of electrode’s coions, which reverse again the effective
electrical field. This second phenomenon is referred to as
charge inversion (CI) [15–17]. Furthermore, if ionic-size
asymmetry (or other features, e.g., dielectric contrast) is
considered [18, 19], a new phenomenon of overcharging
(OC) [20, 21], also referred to as surface charge amplifi-
cation [22], occurs, and should not be confused with the
same term, used sometimes as a synonymous of charge
reversal in the literature [10, 11, 13, 23]. Overcharging
on the surface of an electrode or a central large parti-
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cle (in a bulk solution) is due to the adsorption of its
coions, which are attached to its counterions, brought in
contact with the surface of the central particle due to an
energy-entropy balance [20]. This short-range OC occurs
within a few angstroms next to the electrode’s surface,
and has received recent attention in the literature because
of its implications on interfacial phenomena[2, 22, 24–32].
While structural oscillations in size-symmetrical ionic so-
lutions were first reported by Kirkwood et al. [4, 33] since
1954, the oscillations of the induced charge have been
more recently introduced[34], and are presently under ac-
tive investigation.
Theoretical and simulation investigations of nano-
particles suspensions at finite volume fractions are tech-
nically more difficult due to the large increase of in-
tegration space (with different length scales) in theo-
retical equations, or the to huge number of particles
in, necessarily, larger simulation boxes. Thus, many
studies of finite concentration colloidal dispersions use
some kind of charge renormalization [35–37], consider
low added salt concentration, or no added salt [38]. In
general these very important investigations are for rela-
tively low volume fraction [39, 40]. A widely used model
to study size-asymmetrical electrolytes is the primitive
model [18, 19, 41]. An extension of this model, to study
colloidal dispersions at finite concentration, is the col-
loidal primitive model (CPM) [39, 42–44], where the par-
ticles are taken to be charged, hard spheres, immersed in
a continuous solvent of dielectric constant , and such
that the diameter and charge of one of the species is
much larger than those of the others. On the other hand,
experiments on the structure of polymer latex disper-
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2sions exhibit very long-range correlations and coexisting
ordered-disordered regions, which imply long-range re-
pulsive and attractive forces [37, 45], which are not yet
well understood.
Since the pioneer integral equations of Kirkwood, et
al. [4, 33], for homogeneous and inhomogeneous size-
symmetrical electrolytes, based on a density expansion
plus a superposition approximation, other approximated
integral equations based on the Ornstein-Zernike (OZ)
equation [46, 47] have been derived. Among them is
the Hypernetted-Chain/Mean Spherical Approximation
(HNC/MSA) [15, 48]. This theory has been extensively,
and successfully, compared with density functional the-
ories, MC and/or molecular dynamics (MD) simulations
for a large variety of charged homogeneous and inhomo-
geneous fluids [9, 41, 42, 49–54].
In this letter we extend our previous HNC/MSA stud-
ies of the CPM [42–44] to calculate the charge induced in
the fluid, around a central macroion, as a function of the
distance to its surface, and show that a long-range over-
charging (LROC) and long-range charge reversal (LRCR)
can occurs for apropiate conditions. These new phenom-
ena of LROC and LRCR are different from the classical
overcharging and charge reversal, briefly discussed above,
in that they occur at a finite macroion’s volume fraction,
far away from the central macroion, are much more in-
tense, and increase, not decrease, as the distance to the
central particle augments, which imply long-range corre-
lations. We find our results to be qualitatively consistent
with existing experimental results, and our Monte Carlo
(MC) simulations.
The multi-component HNC equation for a fluid of n
species is [44]
gij(r21) =
exp
{
−βuij(r21) +
n∑
l=1
ρl
∫
V
hil(r23)clj(r31)dr3
}
,(1)
with i, j = 1, 2, . . . , n, ρl is the number density of species
l, hil(r23) ≡ gil(r23)− 1 is the total correlation functions
for two particles at r2 and r3, of species i and l, respec-
tively; with r23 = r2− r3. gij(r12) is the pair correlation
function, also referred to as the radial distribution func-
tion, which gives the probability of finding a particle 1,
of species j, at the distance r12, from the central particle
2, of species i. To solve Eq. (1), a functional dependence
of clj(r31), with gij(r12) is needed. clj(r13) is basically
an approximation for a quasiparticle, in the context of
the many-body theory [55], which, here is taken to be
given by the MSA, and for which there is an analyti-
cal solution [56]. Then, Eqs. (1) become the HNC/MSA
equations.
Here we will solve Eqs. (1) for the CPM, for a three
species charged fluid, i.e., positive ions, negative ions and
macroions, of species +,−, andM , respectively. For sim-
plicity, the counterions of the macroions are taken to be
equal to the electrolyte anions, since the colloid’s charge
will be considered to be positive. Species M are large
particles so that their diameter is in the colloidal do-
main. Thus, the ions diameters are a+ = a− = a. The
interaction potential between two particles of species i
and j, with a separation distance r, is given by
uij(r) =
{∞ for r < aij
qiqj
r
for r ≥ aij with i, j = +,−,M. (2)
aij = (ai + aj)/2. The colloid’s diameter is aM , and its
surface charge density is σ0 ≡ σM= zMe/(pia2M ). The
charge on the colloidal particles’ surface, Q0 ≡ QM =
pia2MσM , is compensated by the induced charge in the
fluid. Hence, as r → ∞, Q(r) → 0, where Q(r) =
−4pi ∫∞
r
ρel(t)t
2dt, and ρel(r) ≡
∑
j=+,−,M ezjρjgMj(r)
is the charge density profile. A detailed derivation of
Eqs. (1), as well as the electrostatics of the CPM, can be
found in reference [44].
To test our HNC/MSA results we performed MC sim-
ulations for the CPM. They were conducted in a cubic
simulation box with periodic boundary conditions. The
number of particles of the different components was se-
lected considering the size of the box, the volume frac-
tion of the macroions, the salt concentration, and the
electroneutrality condition (
∑
j=+,−,M ezjρj = 0). The
energy of the systems was calculated using the Ewald
summation method with a cutoff R = L/2 and screening
parameter α = 6/L, where L is the length of the unit
cell [57]. The systems were evolved using the standard
displacement of individual ions, complemented by clus-
ter moves, a refined technique [57] where full clusters of
particles (i.e. a macroion plus some of the small ions)
are displaced in a single move, facilitating the sampling
of the configurational space in systems of particles that
tend to form aggregates; our implementation of cluster
moves follows closely the details presented in Ref. [57].
With the radial distribution functions obtained from
Eqs. (1) we calculate the normalized induced charge, as
a function of the distance to the surface of the central
macroion, Q(r)/Q0, for several colloidal volume frac-
tions, φ ≡ 16piρMa3M , and surface charge densities σ0.
In all cases the added salt is a 1:1, 0.1M electrolyte,
with ionic diameter, a = 4.25Å. The macroions diam-
eter is aM = 10a, and  = 78.5. Both the electrolyte
ions and macroions are assumed to have the same dielec-
tric constant to avoid image charges. The temperature
T = 298K.
In Fig. 1 we compare the HNC/MSA and MC nor-
malized induced charge, Q(r)/Q0. The agreement is
very good. But, more important, notice that, for σ0 =
0.05C/m2, Q(r)/Q0 > 1, for r ≈ 11a, away from the
central macroparticle’s surface. This implies that there
is an effective charge, above the value of the macropar-
ticle’s original charge, at some distance away from its
surface. This new LROC differs from the previously re-
ported OC [20], in that the LROC occurs far from the
central particle, and the usual OC only next to the cen-
tral macroparticle. In addition to the LROC, we observe
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Figure 1. HNC/MSA and MC results for Q(r)/Q0, for the
CPM, as a function of the distance from the central colloid
particle surface, and for two different colloidal surface charge
densities. The symbols are the MC simulations and the lines
are the HNC/MSA results.
an important charge reversal (of around 1.5 the original
charge), at r ≈ 7a, of a magnitude higher, in absolute
value, than the original charge. While this phenomenon
has been reported before for a CPM next to a charged
plate [20], and very recently observed for size-symmetic
electrolytes, also next to a charged plate, when consid-
ering the solvent and the plate with different dielectric
constants [14], the strong charge reversal reported here
has not been published before to occur far from the cen-
tral particle, as it is seen in Fig. 1, for r ≈ 17a. For
lower volume fractions and/or particles charge, the in-
duced charge is less intense, as can be seen in Fig. 1,
for the σ0 = 0.01C/m2 case. However the long-range
correlation will be present up to relatively low values of
volume fraction. In the present calculations, we went as
low as 0.06 of volume fraction, and for sufficiently low
macroions charge the charge oscillations are very mild.
They disappear, of course, for cero macroions valence.
In Fig. 2, we portray Q(r)/Q0, for σ0 = 0.15 C/m2.
At this higher surface charge density, the induced LROC
is more than twice the original charge of the central
macroion, i.e., Q(r)/Q0 > 2, between 9a 6 r 6 33a,
and Q(r)/Q0 > 1 as far as at ∼65a, measured from the
central macroion surface. The charge correlation, how-
ever, extends up to around 300a. For σ0 = 0.3 C/m2
and φ = 0.24 (not shown), the LROC goes as far as
r = 190a, and the charge correlation to around 800a.
In the standard interfacial science argot the first mini-
mum would correspond to a CR and the first maximum
to a CI, and both have an absolute value lower than the
charge on the the central particle or electrode. How-
ever, in Fig. 2 we see a very different phenomenology,
i.e., the first minimum more than doubles the original
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Figure 2. (a) HNC/MSA results for Q(r)/Q0, as a function
of the distance from the central colloid particle surface, for a
high value of σ0. (b) Comparison of the macroion-macroion
radial distribution function, gMM (r), with its corresponding,
reduced induced charge Q(r)/Q0 profile.
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Figure 3. HNC/MSA radial distribution functions for
macroions, gMM (r), as a function of the distance to the cen-
tral macroion surface. Two sets of curves are displayed: One
set is for a constant volume fraction φ = 0.12 and three val-
ues of the macroions surface charge density (σ0 = 0.1, 0.2
and 0.3C/m2), and another set for a constant macroion sur-
face charge density σ0 = 0.2C/m2 and three values of the
macroions volume fraction φ = 0.06, 0.12 and 0.24. The curve
for φ = 0.12 and σ0 = 0.2C/m2 is common to the two sets of
curves.
charge Q0, i.e., Q(r)/Q0 ≈ −2.1, for r ≈ 6.4a (per-
haps a more giant charge inversion than that reported
before [14, 20]), and the first maximum also is more than
twice the Q0, i.e., Q(r)/Q0 ≈ +2.1. Moreover, the sec-
ond maximum is even larger the first maximum, and the
second minimum is lower than the first minimum. For
4σ0 = 0.3 C/m
2 the third maximum and minimum are
even larger than their corresponding second maximum
and minimum. Hence, for homogeneous finite concen-
tration colloidal dispersions the concepts of CR and CI
are probably not appropriate, and instead hereinafter we
will refer to the charge reversals reported here, present
at every distance from the central particle, as long-range
charge reversal (LRCR), and we will not use the con-
cept of charge inversion. In the inset of Fig. 2, we have
superimposed the macroion-macroion radial distribution
function, gMM (r) to the Q(r)/Q0 curve. As expected,
the maxima and minima in gMM (r), which indicates the
most probable position of macroions around the central
particle, are closely correlated with the maxima and min-
ima of Q(r)/Q0, i.e., with the r-interval where the LROC
and LRCR occur. We have calculated Q(r)/Q0 for an in-
terval of 0.06 6 φ 6 0.24 and 0 6 σ0 6 0.3 C/m2, and, in
general, the LROC and LRCR disappears for a combina-
tion of low values of φ and σ0. Our results on the LROC
and/or LRCR for charged macroions, suggest that under
the action of a external field, the macroions might move
as a cluster of particles. If a lower dielectric constant of
the macroparticles, than that of the solvent is considered,
the range of the electrical field in the macroions solution
will increase, and, hence, probably also the intensity and
range of the long-range charge correlation.
In Fig. 3, we show the gMM (r), for two sequences of
results: in one we keep the central particle surface charge
density constant, at σ0 = 0.2 C/m2, and vary the vol-
ume fraction. In the other, we keep φ = 0.12 constant,
and vary the macroparticle’s surface charge density. For
the case in which we keep the charge density constant,
we see that, as φ increases, the position of the maxima
in gMM (r) becomes closer to the central particle, as ex-
pected, since a higher volume fraction reduces the avail-
able volume, and hence, apparently, the attractive en-
tropic force overcomes the repulsive coulombic force. We
further discuss this point below. On the other hand, if we
keep the volume fraction constant φ = 0.12, counterintu-
itively we see that as the colloid’s charge increases, the
macroions become closer to each other, i.e., in spite that
a higher charge implies a higher coulombic force repul-
sion, and that apparently the entropic force has been kept
constant (since φ is constant). The explanation resides in
the structure of Eq. 1, which is a nonlinear equation that
entangles both coulombic and entropic forces. Thus, a
higher charge, implies a higher repulsion, which, in turn,
produces a lower available volume. Therefore, the gath-
ering of the macroions, with increasing macroions charge,
is an overall entropy effect. We observed this same be-
havior for φ = 0.06 and 0.24, and even for relatively low
values of the macroions charge, e.g., for σ0 ≈ 0.05C/m2
and higher. A qualitatively stronger effective long-range
attraction for higher charge density particles has been ex-
perimentally observed by Ise, et al. [37, 58], in structure
studies of polymer latex particles. Our results seem to
qualitatively agree with these experimental results.
To complete the picture of the origin of the LROC and
0 10 20 30 40
r[a]
0
1
2
3
4
g M
i(r
)
gM+(r)
gM-(r)
gMM(r)φ=0.24, σ0=0.15C/m
2
ρ
+
=0.1M, ρ
−
=0.6268M, ρΜ=9.915x10
-3M
gM-(r=a/2)=7.9115
Figure 4. Radial distribution functions for anions, gM−(r),
cations, gM+(r), and macroions, gMM (r), as a function of the
distance to the central macroion surface. The corresponding
bulk concentrations, ρ+, ρ− and ρM are displayed for easy
reference.
LRCR, in Fig. 4, we show the ions and macroions ra-
dial distribution functions. We point out that in-between
every two successive maxima of gMM , the anions and
cations radial distribution functions are above of their
bulk values and practically overlap. Notice that, because
of the presence of the macroions’ counterions, ρ−(r) ≡
ρbulk− g−(r) is much larger than ρ+(r) ≡ ρbulk+ g+(r). In
Fig. 4, ρbulk+ ≡ ρ+ = 0.1M , and ρbulk− ≡ ρ− = 0.6286M .
Thus, in some degree, the macroions, with their sur-
rounding electrical double layers, behave as hard spheres,
with the consequent decrease in the available volume,
and the increase of the entropy force. Another possi-
ble explanation of the unexpected colloidal attraction,
suggested in the past [37], proposes that the anions in
between the like-charged macroions, electrostatically at-
tract them, overcoming their original repulsion, and are
responsible for a long-range attractive force, necessary to
explain the observed order-disorder phase coexistence in
polymer latex experiments. To elucidate this point, we
have calculated the total, electrical and entropic compo-
nents of the macroion-macroion force (not shown), and
we found that, while both the entropic and electrical
forces are oscillatory, and of very long-range, it is the
entropic force which always dominates to produce both
the net attraction and repulsion between the macroions,
at every distance.
In summary, two new phenomena are predicted, for
bulk macroions dispersions, at finite concentration: a
long-range overcharging (LROC) and a long-range charge
reversal (LRCR). These two phenomena are different
from the classical overcharging and charge reversal in
that they occur at finite macroion’s volume fraction, far
away from the central macroion, are much more intense,
and increase, not decrease, as a function of the distance
5to the central particle, which is a signal of correlations at
large separations. In particular, they seem to be consis-
tent with the long-range correlation experimentally ob-
served in polymer latex dispersions, where the aggrega-
tion of like-charged particles, as the charge increases, is
observed, and, as in the experiments, our results imply
long-range correlation among the macroions. In partic-
ular, it is shown that at finite volume fraction the col-
loidal dispersion is ruled by a long-range energy-entropy
balance. However, the long-range attractions and re-
pulsions are entropy effects, which overcome the elec-
trostatic repulsion of the like-charged colloid particles.
The long-range nature of the induced charge around the
central particle, could have relevant implications for elec-
trophoresis experiments. Acknowledgments The sup-
port of CONACYT (Grant No. 169125) is gratefully ac-
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